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Abstract

Drawing on results of Choi, Stgrmer and Woronowicz, we present a nearly
complete characterization of certain important classes of positive maps. In
particular, we construct a general class of positive linear maps acting between
two matrix algebras B(H) and B(K), where H and K are finite-dimensional
Hilbert spaces. It turns out that elements of this class are characterized by
operators from the dual cone of the set of all separable states on B(H &
K). Subsequently, the relation between entanglements and positive maps is
described. Finally, a new characterization of the cone B(H)*™ ® B(K)™ is given.

PACS numbers: 02.10.-v, 03.65.Fd, 03.65.Ta, 03.67.-a

1. Introduction

While discussing non-relativistic quantum mechanics, one must mention fundamental open
problems which are related to open questions of modern mathematics. A good example is
the separability problem, i.e. the question whether a state of a composite system does not
contain any quantum correlations. On the other hand (cf [6, 10, 12] and references therein) the
separability question is strongly linked to the problem of classification and characterization
of positive operator maps on C*-algebras. Although many results concerning classification
of positive maps have been obtained [2-5,9, 13, 14, 16, 18, 23], the complete classification of
positive maps still remains an essentially open question. In this paper we present some new
results concerning separable states, decomposable maps and transposable states.

The presentation of these new results and their proofs require some former results which
are scattered across the mathematical literature. Thus, they are not very easily accessible to
the physics audience. Consequently, we present a survey of the current state of knowledge
concerning the classification of positive maps together with our new results on that topic. We
also include somewhat simplified proofs of the already established results. Finally, we present
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a classification which should be very useful for a study of the separability problem in the
context of quantum information theory. To illustrate this point we will look more closely at
the relation between nonseparable states and the Peres—Horodecki approach.

The paper is organized as follows. In section 2 some basic definitions are recalled.
In section 3 we use the construction of Choi [2] for classification of positive maps and
decomposable maps, while in section 4 we are concerned with characterization of separable
states. Finally, section 5 is devoted to characterization of the operators in B(H ® K) that belong
to cone B(H)* ® B(K)*, provided that  and K are finite-dimensional Hilbert spaces.

2. Definitions and notations

For any C*-algebra A by A* we denote the set of all positive elements of A. If A is a unital
C*-algebra then a state on A is a linear functional ¢ : A — C such that ¢ (A) > 0 for every
A € A" and ¢(1I) = 1, where 1 is the unit of A. The set of all states on A is denoted by S 4.
For any 7 C S 4 we define the dual cone

TY={AecA:¢(A) >0forevery ¢ € T}.

It is easy to check that the definition of a state implies A* C 79 for every 7 C Sy4. We say
that the family 7" determines the order of A when 7¢ = A*.

A linear map ¥ : A; — A, between C*-algebras A; and A, is called positive if
W(A}) C A3. For k € N we consider a map W : My ® A — M; @ A, where M, denotes
the algebra of k x k matrices with complex entries and ¥, = idy, ® ¥. We say that W is
k-positive if the map W, is positive. The map W is said to be completely positive when W is
k-positive for every k € N.

For any Hilbert space £ by B(L) we denote the C*-algebra of all bounded linear operators
acting on L. Let us recall that for a finite-dimensional £ every state ¢ on B(L) has the form
of p(A) = Tr(pA), where g is a uniquely determined density matrix, i.e. an element of B(L)*
such that Tro = 1.

Throughout our paper H and XC will be fixed finite-dimensional Hilbert spaces. We also fix
orthonormal bases {e;}7_, and {f;}_, of the spaces H and K respectively, where n = dim H,
m = dim K. For simplicity we write S, Sy, Sk instead of Sp)e8(k), SB(H)» SB(K), respectively.
By 14, T, THer We denote transposition maps on B(H), B(K), B(H ® K), respectively,
associated with bases {e;}, {f;}, {e; ® f;}, respectively. Let us note that for every finite-
dimensional Hilbert space £ the transposition 7, : B(£) —> B(L) is a positive map but not
completely positive (in fact it is not even 2-positive).

A positive map ¥ : B(H) —> B(K) is called decomposable if there are completely
positive maps W, ¥, : B(H) — B(K) such that ¥ = ¥ + ¥, o 75y. Let P, Pc and Pp
denote the set of all positive, completely positive and decomposable maps from B(H) to B(K),
respectively. Note that

PcCPp CP 2.1

(see also [1]).
A state ¢ € S is said to be separable if it can be approximated by states of the form

N
9= aelp)
n=1

where N € N, ¢ € Sy, pf € Sg forn = 1,2,..., N, a, are positive numbers such that
SN a4, = 1, and the state ¢/' ® ¢ is defined as ¢ ® ¢ (A ® B) = ¢!(A)¢S(B) for
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A € B(H), B € B(K). The set of all separable states on the algebra B(H) ® B(K) is denoted
by Siep. A state which is not in Sy, is called entangled or nonseparable.
Finally, let us define the family of transposable states on B(H ® K)

S;={peS:po (idB(H) ® 1) € S}
Note that due to the positivity of the transposition tx every separable state ¢ is transposable,
SO

Seep C S CS. (2.2)

In the next sections we describe relations between (2.1) and (2.2).
To conclude, we should remark that the application of the remarkable theorems of
Tomiyama [20] and Kadison [7] leads to the following result.

Theorem 2.1. The family S, of separable states on B(H) @ B(K) is *-weakly dense in S if
andonly ifdim’H =1 ordim K = 1.

3. Construction of positive maps

Now we want to present a general construction of a linear positive map S : B(H) — B(K).
In the sequel we assume that both H and K have dimension greater than 1.

For any element x € H we define the linear operator V, : K — HQ Kby Viz=x®z
for z € K. By E, , where x, y € H we denote the one-dimensional operator on H defined by
E, yu = (y, u)x for u € H. For simplicity reasons, if {e;}!_, is a basis of H, we write V; and
E;; instead of V,, and E; e, foranyi,j=1,2,...,n.

Let us start with the observation that for any H € B(H ® K) we have

(z®v, Hx ® y) = Z (ei,z)(ej, x){e; ®v, He; @ y) = Z(Z, Eijx)(v, VHV;y)
77 ij
=<Z®U, (ZEU ® ‘/}*HVj>x®y>
ij

where x, z € H and y, v € K. Thus, we have the following decomposition of H:

H=> E;®V HV;.

ij=1
This suggests that for a fixed H one can define the map Sy : B(H) — B(K)
SH(Exy) = VIHV, 3.

where x, y € H. The correspondence between H and Sy was observed by Choi [2]. The
purpose of this section is to describe properties of the map Sy .

Recall that for two matrices A = [a;;];i j=1.2,..., » one can define
the Hadamard product A * B = [a;;b;;]i j=1,2,...». We will need the following lemma.

.....

Lemma 3.1 ([8], Exercise 2.8.41). If both matrices A and B are positive definite then their
Hadamard product A x B is also positive definite.

The main property of the map Sy is described by the following proposition.

Proposition 3.2. If H* = H and H € Ssdep then Sy is a positive map. Moreover, for any
positive map S : B(H) —> B(K) there exists uniquely determined selfadjoint operator
H e S84 such that S = Sg.

sep
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Proof. To prove positivity of Sy, observe first that it is invariant with respect to the *-operation:
Su(Ey ) = Su(Ey ) = VyHV, = (V7HVy)" = Sy(Ex )"

Secondly, it is enough to prove that Sy maps any one-dimensional projector E, ., where
[lx]| = 1, into a positive operator. To this end we note

(v, S(Ex)y) = (v, V/HV,y) = (Vyy, HV,y) = (x @ y, Hx @ y) > 0

where the last inequality follows from the fact that H € Sfep.
Suppose that S is any positive map. Define

H = (idgm) ® S)( Z En ® Ekl)- (3.2)
k=1
The positivity assumption and the fact that ), Exy ® Ej is selfadjoint imply that H is

selfadjoint. In order to prove that H € S;’ep, one should show that

¢ ® ¢ (H) >0 (33)
for any ¢ € Sy, and ¢* € Si. To this end we observe that
o™ @@ (H) =) ¢"(E)¢" (S(E)). (3.4)
ki

Recall that for any state ¢ € Sy the matrix [@ (Ey)]r.1=1.2,....n 1S positive definite. Thus, both
matrices [¢" (Ej;)] and [* (S(Ey))] are positive definite. The right-hand side of equality (3.4)
is the sum of all entries of the Hadamard product [¢™ (Ey)]* [¢*(S(Ew))] whichis also positive
(cf lemma 3.1). The sum of entries of a positive definite matrix is positive, so (3.3) is proved.
To prove that Sy = S, it is enough to show that Sy (E;;) = S(E;;) forany i, j =1,2,...,n.
But, for y, w € K we have

(v, Su(Eijp)w) = (y, V;HV;w) = <€i Y, (ZEkl ® S(Ekl)>ej ® w>
kl

= Y i, Euej)(y, S(Ew)w) = (y, S(Eij)w).
kl

Thus, the proposition is proved. ]

The next proposition characterizes the case when Sy is a completely positive map.
Following Choi [2], we have

Proposition 3.3 ([2]). Sy is a completely positive map if and only if H is a positive operator.

Corollary 3.4. Ifdim H > 2 and dim IC > 2 then there exists H such that Sy is a positive but
not completely positive map.

Proof. In order to prove this statement one should prove that there exists a selfadjoint operator
H € B(H ® K) such that

(i) ¢(H) = Oforall ¢ € Sep;
(i) H ¢ B(H® K)".

But, from the theorem of Tomiyama mentioned in the previous section we get that S, does
not determine the order of B(H ® K), so B(H ® K)* is a proper subset of S¢_. Any element

sep*

H of &\ B(H ® K)* satisfies both conditions. O

sep

The next proposition describes the properties of positive decomposable maps. It will be
done by means of the family of transposable states. We will need the following lemma.
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Lemma 3.5. Letk € Nand A € M ® B(H). Suppose that both A and (ty, ® idp)) (A) are
positivein My ®B(H). Then foreveryvectorxy, xa, ..., xx € Kthemapy : B(HQ K) — C
defined as

k n
VO = S (hi®ep Ahj®e)e, ®x.Ce, ®x;) € eBHK)

i,j=1p,r=1
is a positive functional on B(H ® K) such that ¢ o (7 ® idg(x)) is also positive.
Proof. First of all note that for every state ¢ € S we have the following equivalence:
eS8 > po(ty®idpy)) € S.
Observe that
YO =Y (hi®e,®e,®x.(ARC)h; ®e, ®e, @ x))

i,j,p,r
- <Zh, ®ep®e,®x1. (AR C) Y h; ®ep®e,,®x,->.
i,p i,p

If C is positive then A ® C is positive in the algebra M; ® B(H) @ B(H) ® B(K), so ¥ (C) > 0.
On the other hand,

¥ty ® idp)) (C) = Z (hi ® e, Ah; ® €,) (e, ® x;, Ce,, @ X;)

i,j,p.r
= Y (hi®e, (idu, ® ) (A)h; ®¢y){er ®x;, Ce, ® X))
i,j,p,r
= <Zhi ®e ®e @, [(idy, ® (A ®C1Y hi®e, ®e, ®x,~>.

The positivity of (ty, ® idp))(A) implies the positivity of (idy, ® 74)(A), so by the above
arguments, if C is positive then ¥ (7 ® idg))(C) = 0. U
Proposition 3.6. For any selfadjoint operator H the map Sy is decomposable if and only if
H e S
Proof. Suppose that Sy = S| + S o 7, where S, S, are completely positive. Then
H = H, + (75 ® idpk))(H,) where H,, H, are positive operators such that S; = Sg,,
i=1,2. Letp € S;. Hence,

o(H) = o(H)) + ¢(t5 ® idp)) (H2) = 0
because both ¢ and ¢ (13 ® idg(x)) are positive functionals.

.....

is such that both A and (ty, ® idg))(A) are positive in M ® B(H). From the theorem of
Stgrmer ([15], see also [13]) it is enough to show that (idy, ® Sy)(A) is a positive element in

M, ®B(K) ~ B(C*®K). To this end let us fix an element 1 € C®QK. Leth = Zﬁ:l hy ® xg.
Then

(h, (idy, ® S)(Ah) =D 3" (e, Ajjer)thy @ x,, (Fyy @ Vi HV,)h, & x,)

s,t i,j p.r

= > 3" lep. Aijer)thy. Fijhi) (e, @ x,, He, ® x,)

s,t i, j p.r
= DD (ep Aijer)le, ® xi. He, ® x))
i,j p.r

where Fj; are matrix units in Mj. The last expression is non-negative by lemma 3.5. |
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Remark 3.7. In [5,9, 13, 17] it was shown that, in general, S¢ is a proper subset of sd

sep*

So far we do not know any general efficient characterization of states from S;. However,
we will formulate some sufficient conditions for a state to be in S;.

Proposition 3.8. Suppose that o is a density matrix of a state ¢ on B(H ® K). Let

0= ZEU@QU

ij=1
where g;; € B(K) fori, j = 1,2,...,n. If the C*-algebra B generated by elements g;; is
Abelian, then ¢ € S;.
Proof. It is enough to show that (idg) ® tx)(0) is a positive operator. This is equivalent
to the statement that (73 ® idg(x))(0) is positive. The theorem of Tomiyama [21] asserts that
for any C*-algebra A the map (r ® id) : M, ® A — M,, ® A is positive if and only if A is
Abelian. Hence, as B is Abelian and p € B(H) ® B >~ M,, ® B, the proposition follows. [

Before the next propositions, whose principal significance is that they allow one to write
(or verify) concrete examples of transposable states, we need to make the following remark.

Remark 3.9. Suppose that ¢ = [g;;] is an operator on H ® K. As a result of the Choi—
Robertson lemma [3, 13] one has: [g;;] is positive if and only if the matrix [g;;];, j=1,2,....n—1
is positive, where g;; = 0;j — Qi,,g,jnlgnj fori, j =1,2,...,n— 1. Hence, replacing g,, by
onn + €L if necessary we may suppose that o, is invertible and then by an application of the
above lemma we can restrict ourselves to the case of two-dimensional space /C.

Proposition 3.10. Let dim’H = 2 and let ¢ = [0ijli,j=12 (0ij € B(K) as in the above
proposition) be a density matrix on the space H @ K. Assume that there exists a vector f € H
and a selfadjoint operator A on H with a property

(f®y {AQIolf®y) =0
for any y € K, where {-, -} stands for the anticommutator. Then " = [g;li j=1,2 is also
positive.
Proof. Let {e;, e;} be an orthonormal basis in 7. Define

ar = (f, er) a = (f, e2)

a3 = (Af, e1) ay = (Af, e2).
From the assumption we have

(Af®@y,0f®y)+(0f®y,Af®y)=0
for every y € K. Simple calculations lead to
(v, [@1a3 + ajaz) 011 + (203 + a104) 012 + (@104 + @203) 021 + (2004 + A2002)022]y) = 0.
Hence the system {011, 012, 021, 022} is linearly dependent. According to the Choi theorem [3],
the matrix [ j;];, j=1,» is positive. O

Bearing in mind that an element of M; ® B(K) is positive if and only if it is a sum
of matrices of the form [0} 0;i,j=1,..k> 1, - .-, 0k € B(K), we can formulate the following
proposition.

Proposition 3.11. Suppose that dim'H = 2, [0;j];, j=1,2 is a positive operator on H ® K and
0ij = 070;j for some operators 9,0, € B(K) such that |02| = (Q;Qz)% is an invertible

operator. If b = |Q2|’IQTQ2|QZ|’1 is a hypernormal operator, then the state determined by
Loij] is transposable.
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Proof. By the Choi—Robertson lemma (cf remark 3.9) the positivity of the matrix o =
[of0j]i,j=1,2 is equivalent to the following inequality:
oio1 = 0702(0302) ' 0301
Consequently, we get
021" e1Pleal ™" = (2l T eTezleal ™ (2l T e3eleal ™) = bb*.
From the hypernormality of b we have b*b < bb*. Hence,
02" o1 Pleal ™" > b7b.
This inequality is equivalent to the positivity of the transposed matrix ¢ = [¢}@ili,j=12. U
We summarize this section with the following theorem.

Theorem 3.12. Define a function V which to every H € B(H ® K) assigns the map Sy

defined by (4.1). Then V : Sfep — P is a bijective convex map. Moreover,

W (8% = Pc ¥ (S = Pp.

4. Characterization of separable states

As it was mentioned in the introduction, the general structure of positive maps is closely
related to the problem of separable states [6, 12]. In this section, having already described
general classification of positive maps, we want to clarify the relation between nonseparable
states and the Peres—Horodecki approach. To this end we will need a well defined measure of
entanglement &, (cf [11]).

Let us consider C*-algebras A, 5, and let w be a state on .4 ® B. Define a map
r: S(AQ® B) — S(A) by the following formula:

ro(a) =w(a® I) 4.1

where a € A, 1 is the unit of .
First, we prove the following proposition.

Proposition 4.1. If rw is a pure state on A then w is a product state, i.e.

w(x ®y) = o’ ()’ (y) 4.2)
where w* € S(A), w® € S(B) are defined as

') =0aceD o) =0 y).
Moreover, if we assume that w is a pure state, then the converse implication is also valid.

Proof. We present a slight modification of argument given by Takesaki (cflemma4.11in [19]).
Assume Yy is a positive element in the unit ball of B. If w(I ® y) = 0, then from the Cauchy—
Schwarz inequality for states, we have
1 1Ny |2
@y =lo(x®y?)(Iey))|
1 Lyx 1 Lyx
<o((r@y)(rey:))o((fey:)(Iey:))
= a)(xx* ®y)o(I®y) =0.

So, (4.2) holds. If (I ® y) = 1 then we apply the above argument to I ® (I — y) instead
of I ® y, to obtain w(x ® (I — y)) = 0. This can be rewritten as w(x @ ) = w(x ® y).
Consequently, we get

w(x ®y) =) 1 = ()0’ (y).
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Suppose now that 0 < w(I® y) < 1. Let w;, wy € S(A) be defined as

1 1
wi(x) = a)(lI—(X)y)w(x ®y) wy(x) = T]I@y)w(x ®((1-y)

for x € A. Then, we have
o (x) = 0(1® y)oi (x) + (1 = (1 ® y)wa ().

Hence, by the assumption of our proposition, we have w;(x) = w;(x), so that
w(x®y) =wxQ Dol y)

forx € A. Asevery y € Ais alinear combination of positive elements, one can easily extend
the above property on every y € A.

Assume now that o is a pure product state on A ® B: o(x ® y) = o™ (x)w”(y). Suppose
that ro = 0t = A1@1 + Aoy for some states ¢;, @2 on B(H), A1, Ay > 0, A1 + A, = 1. Then

o(x ®y) =M1 (Y) + o (D0’(y)  x € B(H) y e BK).
By the assumption we obtain ¢; (x)w?(y) = @2 (x)w®(y) for x € B(H), y € B(K). Consider
this equality for y = 1 to derive ¢; = ¢». (|
Remark 4.2. Lemma 11.3.6 of [8] states that the map r : S(A ® B) —> S(A) is surjective.
We will need the von Neumann entropy function s : [0, 1] — R defined by the formula

—xInx for x € (0,1]

s0) = 0 for x =0.

It is easy to show that the function is non-negative. Moreover, s(x) = 0 if and only if x = 0
or x = 1. Now, for every density matrix ¢ on H we define its von Neumann entropy:

S(0) =Trs(o).

Proposition 4.3. S(o) = 0 if and only if o is a one-dimensional ortogonal projector.

Proof. The proof is straightforward and we leave it to the reader. ]

Again, as in section 3, let us put A = B(H), B = B(K) with finite-dimensional Hilbert
spaces H and K. Furthermore, the density matrix of a state w will be denoted as o,,. Let us
observe that w is a pure state if and only if g,, is a one-dimensional projector.

Let M(S) denote the set of all probability Radon measures on S. If u € M;(S),
then its barycentre is defined as b(u) = f s®du(p). For every state € S we define
M, (S) = {n € Mi(S) : b(n) = w}.

Definition 4.4. Let w € S. Then we define
E(w) = inf S(org)d 4.3
@ =, it [ Sepauw) @3

where, as before, r denotes the restriction map, S stands for the entropy: S(o) = Trs(o) for
any density matrix 0. £(w) will be called the measure of entanglement of the state w.

Proposition 4.5. If o € S, then there exists a measure Ly € M,(S) such that £(w) =
fs S(0r¢) dino (@), i.e. the infimum in formula (4.3) is reached.
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Proof. The set M;(S) is compact in *-weak topology. Moreover, the map b : M;(S) — S,
b(n) = fsqbdu (¢) is continuous, hence M, (S) = b~ '({w}) is a closed subset of M;(S),
so it is compact. Now, consider the map M,(S) — R that assigns fs S(org)du (¢) to
every 4 € M,(S). It is continuous because both r : S — Sgwy), S(or) : Sy — R
are continuous maps. The assertion of the proposition is the consequence of the Weierstrass
theorem. O

Remark 4.6. As a matter of fact, the measure £ appeared in [22] under the name of the
formation of entanglement. We prefer to call £ the measure of entanglement since we are able

to establish a nice criterion of separability in our next theorem.
Theorem 4.7. Let w € S. Then, w is separable if and only if £(w) = 0.

Proof. Assume £(w) = 0. Then, by the above proposition, there exists py € M,,(S) such that
| st duo @) =0
S

As the map ¢ +— S(o,4) is non-negative and continuous then, by proposition 4.3, o, are

one-dimensional projectors and r¢ is a pure state for every ¢ from the support of the measure

o. Consequently, every ¢ € suppug is a product state (cf proposition 4.1). The measure g

can be approximated by finitely supported measures with their supports contained in supp .

Comparing this fact with the equality w = /. s ¢ du (¢), we conclude that w is separable.
Conversely, assume that w is a separable state. So,

T (N) (N)
w= h}{ln E,- A
(N)

i

be chosen in such a way that rw

(N)

where w ; can

are product states, and the limit is in the weak sense. Let us notice that w
(N)

i

are pure states. Denote uy = ), )»;N)(Swgm where § v are

Dirac measures at the point a)i(N) . Then, the sequence (u ) contains a convergent subsequence
(mn,) because M (S) is compact. Let o = limy pn,. Now we have

o=tim [ ¢duy, @) = [ $du©)
so o € M, (S). Moreover,

/S(an) dpo (@) = liin/ S(erg) dun, (¢) = lim ZAENk)S(QerNk)) =0

(Ni)

because rw;"* are pure states. Consequently, £(w) = 0. |

Let us recall that partial transposition idy ® tic : B(H) ® B(K) — B(H) ® B(K) is the

main ingredient of the Peres—Horodecki approach. Let us observe that

rlwo (idy ® t)I(A) =wo (i[dy @ T)(AR ) = w(AQ ) = (rw)(A)
for A € B(H). Hence,

E(w) = E(wo (idy @ tx))
if wo (idy ® ) € S, i.e. w is a transposable state. Therefore, the problem of detecting
nonseparability is reduced to the characterization of S;. It is an easy observation that

r(a) [e) (idg(H) ® S)) =rw
where S : B(H) — B(K) is a positive, unital map. Therefore, again, the main question is to
assure that

wo(idy®S) eS. 4.4
As the set of states satisfying relation (4.5), for finite-dimensional case, can be identified with
M* ® M* (see [6]), in the next section we provide a characterization of that cone.
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5. Characterization of M,,(C)t ® M,,,(C)*

In this section we characterize elements of the cone B(H)* ® B(K)*. Recall that, in general,
it is a proper subset of (B(H) ® B(K))*.

Lemma 5.1. Let P be a one-dimensional projector. Then P € B(H)* ® B(K)* if and only if
(BpB)* = BpB}, (5.1

where Bp = [Bijli=1,..n; j=1,..m» Bij = (§,e; ® f}) for§ € H® K such that ||§|| = 1 and

P& =¢.
Proof. Let w(a) = Tr Pa fora € B(H) ® B(K). Observe that
PeBH)"®BK)" < P=PyQ P¢

for some one-dimensional projectors Py, € B(H), Px € B(K). Hence, P € B(H)* ® B(K)*
if and only if w is a product state. By the last statement of proposition 4.1 this is equivalent
to the fact that rw is a pure state on B(), hence o is a one-dimensional projector on B(H),
where g is the density matrix of the state rw.

Firstly, let us observe that o = Tr, P, where Tr; is the partial trace Try(a ® b) = a Tr b,
a € B(H), b € B(K).

Let {e;}, { f;} be orthonormal bases in H, K respectively. Define U; : H — H ® K by
Uix=x® fj,j=1,2,...,m. Forevery x, y € H we have

44444

(T Py) =Y (x® f;, Py ® f) = <x > U7Pij>-
J

J

So,0=Tr, P = Zj U PU; and itis clearly selfadjoint.
Let us examine the conditions leading to the idempotent property of o. To this end we
start with derivation of the formula for U;U}’. We observe that for any x € H

(Ufei ® fi,x) =(e; ® fj, Urx) = (&; ® [, x ® fi) = (Suei, x).
Hence Uje; ® f; = §jre;, and
UUie; ® i =8jkei @ fi.
Suppose o?> = o and take an arbitrary vector x € H. Then

0’x = (Tr, PY’x = Y U;PU;UPUx = Y UFPU;UfPx ® fi

jk Jjk
= Y UjPUUIE x ® fu)é =) (,xQ f)UTPUUL Y Bpre, ® f;
Jjk Jjk pr
=) (6.x® f)BuUPUUfe, ® fr =Y (65.X® fi)BpU;Poire, ® f;
Jjkpr Jjkpr
= D (E.x® fi)BuUlPe, ® f
Jjkp
=) (Ex® fIBuUIE.,® 1) D Pues ® fi
jkp st
=D D (Ex® f)BuBpiBulies ® fi =D (E.x® fi) BpiByiBsies
jkp st Jkps

= Z (Z(E,x ® fk)ﬁpkﬁpjﬁ;j)es.

K Jjkp
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On the other hand
ox =Try Px = ZU,:‘Pka = ZU,:‘PX(X)fk
k k

=D EXR MUY Bues® fi=> (£.x® fi)BulUfes ® fi
k st

kst

=D (£, x® f)Budues =Y (D (6. x ® fi)Bu | e

kst s k
Hence
D UEX® fiBu = ) (5. X ® f)BpkBpiB
k Jjkp
foreveryx e H,s = 1,...,n. So,
> BBk = BicBokBpibsi
k Jjkp
foreveryi,s =1, ..., n. Hence, (5.1) follows. OJ

As a corollary we get the following theorem.

Theorem 5.2. A positive operator A on H ® K belongs to B(H)* ® B(K)™ if and only if there
exists a spectral decomposition of A

A:ZA,P,-

where P; are one-dimensional projectors and (Bp, Bf,’,)2 = Bp, B},[ for every i, where Bp, were
defined in lemma 5.1.
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